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In the previous chapter, the radiation characteristics of single-element antennas
were discussed and analyzed. Usually the radiation pattern of a single element is
relatively wide, and each element provides low values of directivity (gain). In
many applications it is necessary to design antennas with very directive
characteristics (very high gains) to meet the demands of long distance
communication.
This can only be accomplished by increasing the electrical size of the antenna.
Enlarging the dimensions of single elements often leads to more directive
characteristics. Another way to enlarge the dimensions of the antenna, without
necessarily increasing the size of the individual elements, is to form an assembly
of radiating elements in an electrical and geometrical configuration.
This new antenna, formed by multielements, is referred to as an array. In most
cases, the elements of an array are identical. This is not necessary, but it is often
convenient, simpler, and more practical.
The individual elements of an array may be of any form (wires, apertures, etc.).
The total field of the array is determined by the vector addition of the fields
radiated by the individual elements. This assumes that the current in each
element is the same as that of the isolated element (neglecting coupling).
In an array of identical elements, there are at least five controls that can be used
to shape the overall pattern of the antenna. These are:
1. the geometrical configuration of the overall array (linear, circular, rectangular,
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spherical, etc.)
2. the relative displacement between the elements
3. the excitation amplitude of the individual elements
4. the excitation phase of the individual elements
5. the relative pattern of the individual elements
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Let us assume that the antenna under investigation is an array of two infinitesimal
horizontal dipoles positioned along the z‐axis, as shown in Figure. The total field
radiated by the two elements, assuming no coupling between the elements, is equal to
the sum of the two and in the y‐z plane it is given by Eq.(1), where 𝛽 is the difference in
phase excitation between the elements. The magnitude excitation of the radiators is
identical.
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Assuming far‐field observations and referring to Figure, we have Eq.(2)
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and Equation (1) reduces to Eq.(3).
It is apparent from Eq.(3) that the total field of the array is equal to the field of a single
element positioned at the origin multiplied by a factor which is widely referred to as the
array factor. Thus, for the two‐element array of constant amplitude, the array factor is
given by Eq.(4), which in normalized form can be written as Eq.(5).
The array factor is a function of the geometry of the array and the excitation phase. By
varying the separation d and/or the phase 𝛽 between the elements, the characteristics
of the array factor and of the total field of the array can be controlled.
It has been illustrated that the far‐zone field of a uniform two‐element array of identical
elements is equal to the product of the field of a single element, at a selected reference
point (usually the origin), and the array factor of that array. That is, Eq.(6).
Although it has been illustrated only for an array of two elements, each of identical
magnitude, it is also valid for arrays with any number of identical elements which do not
necessarily have identical magnitudes, phases, and/or spacings between them.
Each array has its own array factor. The array factor, in general, is a function of the
number of elements, their geometrical arrangement, their relative magnitudes, their
relative phases, and their spacings. The array factor will be of simpler form if the
elements have identical amplitudes, phases, and spacings. Since the array factor does
not depend on the directional characteristics of the radiating elements themselves, it
can be formulated by replacing the actual elements with isotropic (point) sources. Once
the array factor has been derived using the point‐source array, the total field of the
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actual array is obtained by the use of Eq.(6). Each point‐source is assumed to have the
amplitude, phase, and location of the corresponding element it is replacing.
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The only null occurs at 𝜃 = 90 and is due to the pattern of the individual elements. The
array factor does not contribute any additional nulls because there is not enough
separation between the elements to introduce a phase difference of 180◦ between the
elements, for any observation angle.
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The nulls occur at 90 and 180. The element at the positive z‐axis has a phase lag of 90◦
relative to the other, and the phase difference is 180◦ when travel is restricted toward
the negative z‐axis. There is no phase difference when the waves travel toward the
positive z‐axis.
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Now that the arraying of elements has been introduced and it was illustrated by the
two‐element array, let us generalize the method to include N elements. Referring to the
geometry of Figure (a), let us assume that all the elements have identical amplitudes but
each succeeding element has a 𝛽 progressive phase lead current excitation relative to
the preceding one (𝛽 represents the phase by which the current in each element leads
the current of the preceding element). An array of identical elements all of identical
magnitude and each with a progressive phase is referred to as a uniform array. The array
factor can be obtained by considering the elements to be point sources. If the actual
elements are not isotropic sources, the total field can be formed by multiplying the array
factor of the isotropic sources by the field of a single element. This is the pattern
multiplication rule of Eq.(6)/slide6, and it applies only for arrays of identical elements.
The array factor is given by Eq.(7), which can be written as Eq.(8).
AF can be controlled in uniform arrays by properly selecting the relative phase 𝜓
between the elements; in nonuniform arrays, the amplitude as well as the phase can be
used to control the formation and distribution of the total array factor.
The array factor of (8) can also be expressed in an alternate, compact and closed form
whose functions and their distributions are more recognizable. This is accomplished as
follows. Multiplying both sides of (8) by ej𝜓, it can be written as Eq.(9). Subtracting (8)
from (9) reduces to Eq.(10).
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If the reference point is the physical center of the array, the array factor of Eq.(10)
reduces to Eq.(11a).For small values of 𝜓, the above expression can be approximated by
Eq.(11b). The maximum value of (11a) or (11b) is equal to N. To normalize the array
factors so that the maximum value of each is equal to unity, (11a) and (11b) are written
in normalized form as Eq.(11c).
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To find the nulls of the array, Eq.(11c) or Eq.(11d) is set equal to zero. That is Eq.(12).
For n = N, 2N, 3N,…, Eq.(11c) attains its maximum values because it reduces to a sin(0)/0
form. The values of n determine the order of the nulls (first, second, etc.). For a zero to
exist, the argument of the arccosine cannot exceed unity. Thus the number of nulls that
can exist will be a function of the element separation d and the phase excitation
difference 𝛽. The maximum values of Eq.(11c) occur when Eq.(13).
The array factor of Eq.(11d) has only one maximum and occurs when m = 0 in Eq.(13).
That is Eq.(14), which is the observation angle that makes 𝜓 = 0. The 3‐dB point for the
array factor of Eq.(11d) occurs when Eq.(15), which can also be written as Eq.(15a).
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For large values of d(d ≫ λ), Eq.(15a) reduces to Eq.(15b).
The half‐power beam‐width, Θh, can be found once the angles of the first maximum (𝜃
m) and the half‐power point (𝜃h) are determined. For a symmetrical pattern we have
Eq.(15c)
For the array factor of (11d), there are secondary maxima (maxima of minor lobes)
which occur approximately when the numerator of (11d) attains its maximum value.
That is Eq.(16), which can also be written as Eq.(16a).
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For large values of d(d ≫ λ), it reduces to Eq.(16b).
The maximum of the first minor lobe of Eq.(11c) occurs approximately when (see
Appendix I) Eq.(17), or when Eq.(17a).
At that point, the magnitude of (6‐10d) reduces to Eq.(18), which in dB is equal to
Eq.(18a).
Thus the maximum of the first minor lobe of the array factor of Eq(11d) is 13.46 dB
down from the maximum at the major lobe.
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In many applications it is desirable to have the maximum radiation of an array directed
normal to the axis of the array [broadside; θ0= 90◦ of Figure]. To optimize the design, the
maxima of the single element and of the array factor should both be directed toward 𝜃0
= 90◦. The requirements of the single elements can be accomplished by the judicious
choice of the radiators, and those of the array factor by the proper separation and
excitation of the individual radiators. In this section, the requirements that allow the
array factor to “radiate” efficiently broadside will be developed. Referring to Eq.(11c) or
Eq.(11d), the first maximum of the array factor occurs when Eq.(19). Since it is desired to
have the first maximum directed toward 𝜃0 = 90◦, then Eq.(19a).
Thus to have the maximum of the array factor of a uniform linear array directed
broadside to the axis of the array, it is necessary that all the elements have the same
phase excitation (in addition to the same amplitude excitation). The separation between
the elements can be of any value. To ensure that there are no principal maxima in other
directions, which are referred to as grating lobes,the separation between the elements
should not be equal to multiples of a wavelength (d ≠ nλ, n = 1, 2, 3…) when 𝛽 = 0. If d =
nλ, n = 1, 2, 3,… and 𝛽 = 0, then Eq.(20).
This value of 𝜓 when substituted in Eq(11c) makes the array factor attain its maximum
value. Thus for a uniform array with 𝛽 = 0 and d = nλ, in addition to having the maxima
of the array factor directed broadside (𝜃0 = 90◦) to the axis of the array, there are
additional maxima directed along the axis (𝜃0 = 0◦, 180◦) of the array (end‐fire radiation).
One of the objectives in many designs is to avoid multiple maxima, in addition to the
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main maximum, which are referred to as grating lobes. Often it may be required to select
the largest spacing between the elements but with no grating lobes. To avoid any grating
lobe, the largest spacing between the elements should be less than one wavelength (dmax
< λ).
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To illustrate the method, the three‐dimensional array factor of a 10‐element (N = 10)
uniform array with 𝛽 = 0 and d = λ∕4 is shown plotted in Figure. The only maximum
occurs at broadside (𝜃0 = 90◦). To form a comparison, the three‐dimensional pattern of
the same array but with d = λ is also plotted in Figure (b). For this pattern, in addition to
the maximum at 𝜃0 = 90◦, there are additional maxima directed toward 𝜃0 = 0◦, 180◦.
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The corresponding two‐dimensional patterns of Figures (a,b)/slide 18 are shown in
Figure.
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It would be instructive to investigate the directivity of each of the arrays, since it
represents a figure of merit on the operation of the system.
As a result of the criteria for broadside radiation given by Eq.(19a)/slide17, the array
factor for this form of the array reduces to Eq.(21), which for a small spacing between
the elements (d ≪ λ) can be approximated by Eq.(21a).
The radiation intensity can be written as Eq.(22).
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The directivity can be obtained using Eq.(23) where Umax of Eq.(22) is equal to unity
(Umax = 1) and it occurs at 𝜃 = 90◦. The average value U0 of the intensity reduces to
Eq.(24), which, by making a change of variable, can be written as Eq.(25).
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For a large array (Nkd∕2 →large), Eq.(25) can be approximated by extending the limits to
infinity. That is, Eq.(26).
The directivity of Eq.(23) can now be written as Eq.(27).
Using, Eq.(28), where L is the overall length of the array, Eq.(27) can be expressed as
Eq.(29).
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Instead of having the maximum radiation broadside to the axis of the array, it may be
desirable to direct it along the axis of the array (end‐fire). As a matter of fact, it may be
necessary that it radiates toward only one direction (either 𝜃0 = 0◦ or 180◦ of Figure). To
direct the first maximum toward 𝜃0 = 0◦, Eq.(31a). If the first maximum is desired toward
𝜃0 = 180◦, then Eq.(31b).
Thus end‐fire radiation is accomplished when 𝛽 = −kd (for 𝜃0 = 0◦) or 𝛽 = kd (for 𝜃0 =
180◦). If the element separation is d = λ∕2, end‐fire radiation exists simultaneously in
both directions (𝜃0 = 0◦ and 𝜃0 = 180◦). If the element spacing is a multiple of a
wavelength (d = nλ, n = 1, 2, 3,…), then in addition to having end‐fire radiation in both
directions, there also exist maxima in the broadside directions. Thus for d = nλ, n = 1, 2,
3,… there exist four maxima; two in the broadside directions and two along the axis of
the array.
To have only one end‐fire maximum and to avoid any grating lobes, the maximum
spacing between the elements should be less than dmax < λ∕2.
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The three‐dimensional radiation patterns of a 10‐element (N = 10) array with d = λ∕4 are
plotted in Figure. When 𝛽 = ‐kd, the maximum is directed along 𝜃0 = 0◦ and the
threedimensional pattern is shown in Figure (a). However, when 𝛽 = +kd, the maximum
is oriented toward 𝜃0 = 180◦, and the three‐dimensional pattern is shown in Figure (b).
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The two‐dimensional patterns of Figures (a,b)/slide21 are shown in Figure.
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For an end‐fire array, with the maximum radiation in the 𝜃0 = 0◦ direction, the array
factor is given by Eq.(32), which, for a small spacing between the elements (d ≪ λ), can
be approximated by Eq.(32a).
The corresponding radiation intensity can be written as Eq.(33), whose maximum value
is unity (Umax = 1) and it occurs at 𝜃 = 0◦.
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The average value U0 of the intensity is given by Eq.(34), which, by making a change of
variable, can be written as Eq.(35).
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For a large array (Nkd →large), Eq.(35) can be approximated by extending the limits to
infinity. That is, Eq.(36).
The directivity of Eq.(23) can now be written as Eq.(37).
Using, Eq.(38), where L is the overall length of the array, Eq.(37) can be expressed as
Eq.(39), which for a large array (L ≫ d) reduces to Eq.(40).
It should be noted that the directivity of the end‐fire array, as given by Eqs.(39)–(40), is
twice that for the broadside array as given by Eqs.(29)–(30).
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In the previous two sections it was shown how to direct the major radiation from an
array, by controlling the phase excitation between the elements, in directions normal
(broadside) and along the axis (end fire) of the array. It is then logical to assume that the
maximum radiation can be oriented in any direction to form a scanning array. The
procedure is similar to that of the previous two sections.
Let us assume that the maximum radiation of the array is required to be oriented at an
angle 𝜃0(0◦ ≤ 𝜃0 ≤ 180◦). To accomplish this, the phase excitation 𝛽 between the
elements must be adjusted so that Eq.(41).
Thus by controlling the progressive phase difference between the elements, the
maximum radiation can be squinted in any desired direction to form a scanning array.
This is the basic principle of electronic scanning phased array operation. Since in phased
array technology the scanning must be continuous, the system should be capable of
continuously varying the progressive phase between
the elements. In practice, this is accomplished electronically by the use of ferrite or
diode phase shifters. For ferrite phase shifters, the phase shift is controlled by the
magnetic field within the ferrite, which in turn is controlled by the amount of current
flowing through the wires wrapped around the phase shifter.
For diode phase shifter using balanced, hybrid‐coupled varactors, the actual phase shift
is controlled either by varying the analog bias dc voltage (typically 0–30 volts) or by a
digital command through a digital‐to‐analog (D/A) converter. Shown in Figure is an
incremental switched‐line PIN‐diode phase shifter. This design is simple, straightforward,
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lightweight, and high speed. The lines of lengths l1 and l2 are switched on and off by
controlling the bias of the PIN diodes, using two single‐pole double‐throw switches, as
illustrated in Figure 6.10. The differential phase shift, provided by switching on and off
the two paths, is given by Eq.(42). By properly choosing l1 and l2, and the operating
frequency, the differential phase shift (in degrees) provided by each incremental line
phase shifter can be as small as desired, and it determines the resolution of the phase
shifter. The design of an entire phase shifter typically utilizes several such incremental
phase shi ers to cover the en re range (0 − 180◦) of phase. However, the switchedline
phase shifter, as well as many other ones, are usually designed for binary phase shifts of
Δ𝜙 = 180◦, 90◦, 45◦, 22.5◦, etc..
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To demonstrate the principle of scanning, the three‐dimensional radiation pattern of a
10‐element array, with a separation of λ∕4 between the elements and with the
maximum squinted in the 𝜃0 = 60◦ direction, is plotted in Figure (a). The corresponding
two‐dimensional pattern is shown in Figure (b).
The half‐power beamwidth of the scanning array is obtained using Eq.(15a) with 𝛽 = −kd
cos 𝜃0. Using the minus sign in the argument of the inverse cosine function in Eq.(15a) to
represent one angle of the half‐power beamwidth and the plus sign to represent the
other angle, then the total beamwidth is the difference between these two angles and
can be written as Eq.(43).
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Since N = (L + d)∕d, Eq.(43) reduces to Eq.(43a), where L is the length of the array.
Equation Eq.(43a) can also be used to compute the half‐power beamwidth of a
broadside array. However, it is not valid for an end‐fire array.
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A plot of the halfpower beamwidth (in degrees) as a function of the array length is
shown in Figure. These curves are valid for broadside, ordinary end‐fire, and scanning
uniform arrays (constant magnitude but with progressive phase shift).
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The theory to analyze linear arrays with uniform spacing, uniform amplitude, and a
progressive phase between the elements was introduced in the previous sections of this
chapter.
In this section, broadside arrays with uniform spacing but nonuniform amplitude
distribution will be considered. Most of the discussion will be directed toward binomial
and Dolph‐Tschebyscheff broadside arrays (also spelled Tchebyscheff or Chebyshev).
Of the three distributions (uniform, binomial, and Tschebyscheff), a uniform amplitude
array yields the smallest half‐power beamwidth. It is followed, in order, by the Dolph‐
Tschebyscheff and binomial arrays. In contrast, binomial arrays usually possess the
smallest side lobes followed, in order, by the Dolph‐Tschebyscheff and uniform arrays. As
a matter of fact, binomial arrays with element spacing equal or less than λ∕2 have no
side lobes. It is apparent that the designer must compromise between side lobe level
and beamwidth.
A criterion that can be used to judge the relative beamwidth and side lobe level of one
design to another is the amplitude distribution (tapering) along the source. It has been
shown analytically that for a given side lobe level the Dolph‐Tschebyscheff array
produces the smallest beamwidth between the first nulls. Conversely, for a given
beamwidth between the first nulls, the Dolph‐Tschebyscheff design leads to the smallest
possible side lobe level.
Uniform arrays usually possess the largest directivity. However, superdirective (or super
gain as most people refer to them) antennas possess directivities higher than those of a
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uniform array. Although a certain amount of superdirectivity is practically possible,
superdirective arrays usually require very large currents with opposite phases between
adjacent elements. Thus the net total
current and efficiency of each array are very small compared to the corresponding values
of an individual element. Before introducing design methods for specific nonuniform
amplitude distributions, let us first derive the array factor.
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An array of an even number of isotropic elements 2M (where M is an integer) is
positioned symmetrically along the z‐axis, as shown in Figure (a). The separation
between the elements is d, and M elements are placed on each side of the origin.
Assuming that the amplitude excitation is symmetrical about the origin, the array factor
for a nonuniform amplitude broadside array can be written as Eq.(44), which in
normalized form reduces to Eq.(44a), where an’s are the excitation coefficients of the
array elements.
The amplitude excitation of the center element is 2a1.
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If the total number of isotropic elements of the array is odd 2M + 1 (where M is an
integer), as shown in Figure (b), the array factor can be written as Eq.(45), which in
normalized form reduces to Eq.(45a).
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Equations Eq.(44a) and Eq.(45a) can be written in normalized form as Eqs.(46)
The next step will be to determine the values of the excitation coefficients (an’s).
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To determine the excitation coefficients of a binomial array, J. S. Stone [6] suggested that
the function
(1 + x)m−1 be written in a series, using the binomial expansion, as Eq.(47).
Referring to Eq(46a), Eq.(46b), and Eq.(47), the amplitude coefficients for the following
arrays are:
1. Two elements (2M = 2)
a1 = 1
2. Three elements (2M + 1 = 3)
2a1 = 2➱a1 = 1
a2 = 1
3. Four elements (2M = 4)
a1 = 3
a2 = 1
4. Five elements (2M + 1 = 5)
2a1 = 6➱a1 = 3
a2 = 4
a3 = 1
The coefficients for other arrays can be determined in a similar manner.
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One of the objectives of any method is its use in a design. For the binomial method, as
for any
other nonuniform array method, one of the requirements is the amplitude excitation
coefficients for
a given number of elements. This can be accomplished using Eq.(47). Other figures of
merit are the directivity, half‐power beamwidth and side lobe level. It already has been
stated that binomial arrays do not exhibit any minor lobes provided the spacing between
the elements is equal or less than one‐half of a wavelength. Unfortunately, closed‐form
expressions for the directivity and half‐power beamwidth for binomial arrays of any
spacing between the elements are not available. However, because the design using a
λ∕2 spacing leads to a pattern with no minor lobes, approximate closed‐form
expressions for the half‐power beamwidth and maximum directivity for the d = λ∕2
spacing only have been derived in terms of
the numbers of elements or the length of the array, and they are given, respectively, by
Eq.(48) and Eq.(49).
These expressions can be used effectively to design binomial arrays with a desired half‐
power
beamwidth or directivity. The value of the directivity as obtained using (49) to (49b).
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Another array, with many practical applications, is the Dolph‐Tschebyscheff array. It is
primarily a compromise between uniform and binomial arrays. Its excitation coefficients
are related to Tschebyscheff polynomials. A Dolph‐Tschebyscheff array with no side
lobes (or side lobes of −∞ dB) reduces to the binomial design. The excita on coeﬃcients
for this case, as obtained by both methods, would be identical.
Referring to Eq.(46a) and Eq.(46b), the array factor of an array of even or odd number of
elements with symmetric amplitude excitation is nothing more than a summation ofM
or M + 1 cosine terms. The largest harmonic of the cosine terms is one less than the
total number of elements of the array. Each cosine term, whose argument is an integer
times a fundamental frequency, can be rewritten as a series of cosine functions with the
fundamental frequency as the argument. That is Eq.(50). If we let Eq.(51), the Eq.(50)
can be written as Eq.(52), and each is related to a Tschebyscheff (Chebyshev) polynomial
Tm(z). These relations between the cosine functions and the Tschebyscheff polynomials
are valid only in the −1 ≤ z ≤ +1 range. Because | cos(mu)| ≤ 1, each Tschebyscheff
polynomial is |Tm(z)| ≤ 1 for −1 ≤ z ≤ +1. For |z| > 1, the Tschebyscheff polynomials are
related to the hyperbolic cosine functions.
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The recursion formula for Tschebyscheff polynomials is Eq.(53). It can be used to find
one Tschebyscheff polynomial if the polynomials of the previous two orders are known.
Each polynomial can also be computed using Eqs.(54). The following properties of the
polynomials are of interest:
1. All polynomials, of any order, pass through the point (1, 1).
2. Within the range −1 ≤ z ≤ 1, the polynomials have values within −1 to +1.
3. All roots occur within −1 ≤ z ≤ 1, and all maxima and minima have values of +1 and −1,
respectively.
Since the array factor of an even or odd number of elements is a summation of cosine
terms whose form is the same as the Tschebyscheff polynomials, the unknown
coefficients of the array factor can be determined by equating the series representing
the cosine terms of the array factor to the appropriate Tschebyscheff polynomial. The
order of the polynomial should be one less than the total number of elements of the
array.
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Array Design
Statement. Design a broadside Dolph‐Tschebyscheff array of 2M or 2M + 1 elements
with spacing d between the elements. The side lobes are R0 dB below the maximum of
the major lobe. Find the excitation coefficients and form the array factor.
Procedure
a. Select the appropriate array factor as given by (46a) or (46b).
b. Expand the array factor. Replace each cos(mu) function (m = 0, 1, 2, 3,…) by its
appropriate series expansion found in (50).
c. Determine the point z = z0 such that Tm(z0) = R0 (voltage ratio). The order m of the
Tschebyscheff polynomial is always one less than the total number of elements. The
design procedure requires that the Tschebyscheff polynomial in the −1 ≤ z ≤ z1, where z1
is the null nearest to z = +1, be used to represent the minor lobes of the array. The major
lobe of the pattern is formed from the remaining part of the polynomial up to point z0
(z1 < z ≤ z0).
d. Substitute Eq.(55) in the array factor of step b. The cos(u) is replaced by z∕z0, and not
by z, so that Eq.(55) would be valid for |z| ≤ |z0|. At |z| = |z0|, Eq.(55) attains its
maximum value of unity.
e. Equate the array factor from step b, after substitution of Eq.(55), to a Tm(z) from
Eq.(52). The Tm(z) chosen should be of order m where m is an integer equal to one less
than the total number of elements of the designed array. This will allow the
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determination of the excitation coefficients an’s.
f. Write the array factor of Eq.(46a) or Eq.(46b) using the coefficients found in step e.
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The array factor patterns of Example 5 for d = λ∕4 and λ∕2 are shown plotted in Figure.
Since the spacing is less than λ (d < λ), maxima exist only at broadside (𝜃0 = 90◦).
However when the spacing is equal to λ (d = λ), two more maxima appear (one toward 𝜃
0 = 0◦ and the other toward 𝜃0 = 180◦). For d = λ the array has four maxima, and it acts as
an end‐fire as well as a broadside array.

50

For large Dolph‐Tschebyscheff arrays scanned not too close to end‐fire and with side
lobes in the range from −20 to −60 dB, the half‐power beamwidth and directivity can be
found by introducing a beam broadening factor given approximately by Eq.(56), where
R0 is the major‐to‐side lobe voltage ratio.
The half‐power beamwidth of a Dolph‐Tschebyscheff array can be determined by:
1. calculating the beamwidth of a uniform array (of the same number of elements and
spacing) using Eq.(43a).
2. multiplying the beamwidth of part (1) by the appropriate beam broadening factor f
computed using Eq.(56).
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The beam broadening factor f , Eq.(56), can also be used to determine the directivity of
large Dolph‐Tschebyscheff arrays, scanned near broadside, with side lobes in the −20 to
−60 dB range. That is Eq.(57).
It can be concluded that:
1. The directivity of a Dolph‐Tschebyscheff array, with a given side lobe level, increases
as the array size or number of elements increases.
2. For a given array length, or a given number of elements in the array, the directivity
does not necessarily increase as the side lobe level decreases.
The beamwidth and directivity is related to each other. For a uniform broadside array
this relation is Eq.(58), where Θd is the 3‐dB beamwidth (in degrees).
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The design of a Dolph‐Tschebyscheff array is very similar to those of other methods.
Specify
a. The side lobe level (in dB).
b. The number of elements.
Design Procedure
a. Transform the side lobe level from decibels to a voltage ratio using Eq.(59)
b. Calculate P, which also represents the order of the Tschebyscheff polynomial, using
Eq.(60).
c. Determine z0 using Eq.(61) or Eq.(61a).
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d. Calculate the excitation coefficients using Eq.(62a) or (62b).
e. Determine the beam broadening factor using Eq.(56).
f. Calculate using Eq.(43a) the half‐power beamwidth of a uniform array with the same
number of elements and spacing between them.
g. Find the half‐power beamwidth of the Tschebyscheff array by multiplying the half‐
power beamwidth of the uniform array by the beam broadening factor.
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h. The maximum spacing between the elements should not exceed that of Eq.(63).
i. Determine the directivity using Eq.(57).
j. The number of minor lobes for the three‐dimensional pattern on either side of the
main maximum (0◦ ≤ 𝜃 ≤ 90◦), using the maximum permissible spacing, is equal to N − 1.
k. Calculate the array factor using Eq.(46a) or Eq.(46b).
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In addition to placing elements along a line (to form a linear array), individual radiators
can be positioned along a rectangular grid to form a rectangular or planar array. Planar
arrays provide additional variables which can be used to control and shape the pattern
of the array. Planar arrays are more versatile and can provide more symmetrical patterns
with lower side lobes. In addition, they can be used
to scan the main beam of the antenna toward any point in space. Applications include
tracking radar, search radar, remote sensing, communications, and many others. A
planar array of slots, used in the AirborneWarning and Control System (AWACS), is
shown in Figure. It utilizes rectangular waveguide sticks placed vertically, with slots on
the narrow wall of the waveguides. The system has 360◦ view of the area, and at
operating altitudes can detect targets hundreds of kilometers away. It is usually
mounted at a height above the fuselage of an aircraft.
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To derive the array factor for a planar array, let us refer to Figure. If M elements are
initially placed along the x‐axis, as shown in Figure (a), the array factor of it can be
written according to Eq.(7) and Eq.(8) as in Eq.(64) where Im1 is the excitation coefficient
of each element. The spacing and progressive phase shift between the elements along
the x‐axis are represented, respectively, by dx and 𝛽x.
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If N such arrays are placed next to each other in the y‐direction, a distance dy apart and
with a progressive phase 𝛽y, a rectangular array will be formed as shown in Figure (b).
The array factor for the entire planar array can be written as Eq.(65).
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Or Eq.(66) where we have Eqs.(67). Equations (67) indicates that the pattern of a
rectangular array is the product of the array factors of the arrays in the x‐ and y‐
directions.
If the amplitude excitation coefficients of the elements of the array in the y‐direction are
proportional to those along the x, the amplitude of the (m, n)th element can be written
as Eq.(68).
If in addition the amplitude excitation of the entire array is uniform (Imn = I0), Eq.(65) can
be expressed as Eq.(69)
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According to Eq.(7), Eq(10), and (11), the normalized form of Eq.(69) can also be written
as Eq.(70).
When the spacing between the elements is equal or greater than λ∕2, multiple maxima
of equal magnitude can be formed. The principal maximum is referred to as the major
lobe and the remaining as the grating lobes. A grating lobe is defined as “a lobe, other
than the main lobe, produced by an array antenna when the inter element spacing is
sufficiently large to permit the in‐phase addition of radiated fields in more than one
direction.” To form or avoid grating lobes in a rectangular array, the same principles must
be satisfied as for a linear array. To avoid grating lobes in the x‐z and y‐z planes, the
spacing between the elements in the x‐ and y‐directions, respectively, must be less than
λ∕2 (dx < λ∕2 and dy < λ∕2).
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For a rectangular array, the major lobe and grating lobes of Sxm and Syn in (67a) and
(67b) are located at (71a) and (71b).
The phases 𝛽x and 𝛽y are independent of each other, and they can be adjusted so that
the main beam of Sxm is not the same as that of Syn. However, in most practical
applications it is required that the conical main beams of Sxm and Syn intersect and
their maxima be directed toward the same direction.
If it is desired to have only one main beam that is directed along 𝜃 = 𝜃0 and 𝜙 = 𝜙0, the
progressive phase shift between the elements in the x‐ and y‐directions must be equal
to Eq.(72).
When solved simultaneously, (72a) and (72b) can also be expressed as Eq.(73).
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The principal maximum (m = n = 0) and the grating lobes can be located by Eqs.(74), or
Eqs.(75), which, when solved simultaneously, reduce to Eqs.(76). In order for a true
grating lobe to occur, both forms of (75b) must be satisfied simultaneously (i.e., lead to
the same 𝜃 value).
The array factor of the planar array has been derived assuming that each element is an
isotropic source. If the antenna is an array of identical elements, the total field can be
obtained by applying the pattern multiplication rule of Eq.(6) in a manner similar as for
the linear array.
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The task of finding the beamwidth of nonuniform amplitude planar arrays is quite
formidable. The method utilizes results of a uniform linear array and the beam
broadening factor of the amplitude distribution.
The maximum of the conical main beam of the array is assumed to be directed toward 𝜃
0, 𝜙0 as shown in Figure. To define a beamwidth, two planes are chosen. One is the
elevation plane defined by the angle 𝜙 = 𝜙0 and the other is a plane that is
perpendicular to it. The corresponding half‐power beamwidth of each is designated,
respectively, by Θh and Ψh. For example, if the array maximum is pointing along 𝜃0 =𝜋/2
and 𝜙0 =𝜋/2, Θh represents the beamwidth in the y‐z plane and Ψh, the beamwidth in
the x‐y plane. For a large array, with its maximum near broadside, the elevation plane
half‐power beamwidth Θh is given approximately by Eq.(77), where Θx0 represents the
half‐power beamwidth of a broadside linear array of M elements. Similarly, Θy0
represents the half‐power beamwidth of a broadside array of N elements.
The values of Θx0 and Θy0 can be obtained by using previous results. For a uniform
distribution, for example, the values of Θx0 and Θy0 can be obtained by using,
respectively, the lengths (Lx + dx) ∕ λ and (Ly + dy) ∕ λ and reading the values from the
broadside curve. For a Tschebyscheff distribution, the values of Θx0 and Θy0 are obtained
by multiplying each uniform distribution value by the beam broadening factor of Eq.(56).
For a square array (M = N, Θx0 = Θy0), Eq.(74) reduces to Eq.(76a).
Equation (76a) indicates that for 𝜃0 > 0 the beamwidth increases proportionally to sec 𝜃
0=1∕cos𝜃0. The broadening of the beamwidth by sec 𝜃0, as 𝜃0 increases, is consistent
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with the reduction by cos𝜃0 of the projected area of the array in the pointing direction.
The half‐power beamwidth Ψh, in the plane that is perpendicular to the 𝜙 = 𝜙0 elevation,
is given by Eq.(77) and it does not depend on 𝜃0. For a square array, Eq.(77) reduces to
Eq.(77a). The values of Θx0 and Θy0 are the same as in Eq.(76) and Eq.(76a).
For a planar array, it is useful to define a beam solid angle ΩA by Eq.(78).
Using Eq.(76) and Eq.(77), Eq.(78) can be expressed as Eq.(79).
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The directivity of the array factor AF(𝜃, 𝜙) whose major beam is pointing in the 𝜃 =𝜃0
and 𝜙 =𝜙0 direction, can be obtained by employing the definition and writing it as
Eq.(80).
It should be pointed out that the directivity of an array with bidirectional characteristics
(two‐sided pattern in free space) would be half the directivity of the same array with
unidirectional (one‐sided pattern) elements (e.g., dipoles over ground plane).
For large planar arrays, which are nearly broadside, the directivity reduces to Eq.(81),
where Dx and Dy are the directivities of broadside linear arrays each, respectively, of
length and number of elements Lx, M and Ly, N. The factor cos(𝜃0 ) accounts for the
decrease of the directivity because of the decrease of the projected area of the array.
Each of the values, Dx and Dy, can be obtained by using Eq.(57) with the appropriate
beam broadening factor f . For Tschebyscheff arrays, Dx and Dy can be obtained using
Eq.(56) and Eq.(57).
For most practical amplitude distributions, the directivity of Eq.(81) is related to the
beam solid angle of the same array by Eq.(82), where ΩA is expressed in square radians
or square degrees.
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